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Abstract 

In this paper the concept of the extension of fuzzy h-ideals in one-sided F-hemiring 
is introduced and some of its properties are investigated. Specially we have studied the 
extension of prime fuzzy h-ideals in F-hemirings and gave its characterization. 
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1 Introduction 

There are many concepts of universal algebras generalizing an associative ring {R,+,-). 
Some of them have been found to be very useful for solving problems in different areas 
of applied mathematics and information sciences. Semiring is one such concept. In 1934 
Vandiver [15 introduced this concept. The concept of a semiring generalizes that of a 
ring, allowing the additive structure to be only a semigroup instead of a group. The set of 
nonnegative integers Zq with usual addition and multiplication provides a natural example 
of a semiring. 

But the situations for the set of all nonpositive integers Zq is different. They do not form 
semirings with the above operations because multiplication in the above sense is no longer 
a binary compositions. 

To solve this problem, in 1995 M.M.K. Rao 9 introduced a new kind of algebraic structure 
what is known as F-semiring which is a generalization of semiring as well as of F— ring. 
To make F-semiring more effective, Dutta and Sardar introduced the notion of operator 
semirings [1] of a F-semiring. By using the interplay between the operator semirings and 
the F-semiring they enriched the theory of F-semirings. 

Ideals of semiring play a central role in the structure theory and useful for many purposes. 
However they do not in general coincide with the usual ring ideals(e.g. an ideal of a semiring 
need not be the kernel of a semiring morphism) and for this reason, their use is somewhat 
limited in trying to obtain analogues of ring theorems for semiring. To solve this problem, 
Henriksen[3], Iizuka[4] and LaTorre^ investigated a more restricted class of ideals which 
are called h-ideals and k-ideals. Jun et al[5] and Zhan et al[18] studied these ideals in 
hemirings in terms of fuzzy subsets. We ([II],[I1]) extended these concepts to the theory of 
F-hemirings. 

Motivated by Xie[16], as a continuation of this we study the concept of the extension of 
fuzzy h-ideals in F-hemirings in 14 . In that paper, we take the F-hemiring to be both-sided 
i.e. when 5' is a F-hemiring, F is also a S'-hemiring. Here we take the F-hemiring to be 
one-sided and study all those properties of [H] . 



2 Preliminaries 



Definition 2.1. Let S and F be two additive commutative semigroups with zero. Then S 
is called a T-hemiring if there exists a mapping 



2 



Sujit Kumar Sardar and Debabrata Mandal 



S X T X S ^ S ( (a,a,b) H> aab) satisfying the following conditions: 

(i) (a + b)ac = aac + bac, 

(ii) aa{b + c) — aab + aac, 
(Hi) a{a + l3)b — aab + a/36, 

(iv) aa(bl3c) — {aab)j5c. 

(v) Osaa = 05 = aaOs, 

(vi) aOrb ^ Os ~ bOra 

for all a,b,c ^ S and for all a, /3 d T. 

For simplification we write instead 0/O5 and Or- 

A T-hemiring S is called commutative if aab — baa for all a,bGS and a £ F. 
Throughout this paper S denotes a F-hemiring with zero. 

Definition 2.2. A left ideal A of a T-hemiring S is called a left h-ideal if for any x, z S 

S and a, b£A, x+a + z~b+z^x€A. 
A right h-ideal is defined analogously. 

Definition 2.3. Let S be a T-hemiring. A proper h-ideal I of S is said to be prime if for 
any two h-ideals H and K of S, HTK C / implies that either H C I or K C_ I . 

Theorem 2.4. [12]/// is an h-ideal of a T-hemiring S then the following conditions are 
equivalent: 

(i) I is a prime h-ideal of S. 

(ii) If aTSTb C / then either a I or b E I where a,b € S. 

Definition 2.5. //5/ Let fi and 6 be two fuzzy sets of a T—hemiring S. Define a generalized 
h-product of fi and 6 by 

tiOhO{x) = su-p[mm{mm{^{ai), fi{ci),9{bi), 9{di)}}] 

i 

n n 

x+ ^ a^ibi + ^ = X! ^i^i'^i + ^ 

i=l 1=1 

= 0, if X cannot be expressed as above 
where x,z,ai,bi,Ci,di (£S and ^i, Si £ F, for i—l,...,n. 

Definition 2.6. Let /i be the non empty fuzzy subset of a T-hemiring S (i.e. fi{x) ^ 
for some x G S). Then fj, is called a fuzzy left h-ideal [ fuzzy right h-ideal] of S if 

(i) fj,{x + y) > mm{^{x), ^{y)} and 

(ii) piix^y) > pL{y) [resp. pL(x^y) > n{x)] for all y G S*, 7 £ F. 
(Hi) For all x,a,b,z€S, x-ha-f-z=b+z implies fJ-{x) > miii{fi{a) , fi{b)} . 

A fuzzy ideal of a T-hemiring S is a non empty fuzzy subset of S which is a fuzzy left ideal 
as well as a fuzzy right ideal of S. 

A fuzzy h-ideal fj, of S is called a fuzzy h-bi-ideal, fuzzy h-interior ideal if for all x,y,z,a,bGS 

and a,l3€T, ^(xay/Sz) > min{/i(a;), pL(xayj3z) > /i(y), respectively. 

A fuzzy subset pi of a T-hemiring S is called fuzzy h-quasi-ideal if /i satisfies (i) and (Hi) 

along with the condition {fJ-OhXs) H (xsO/iA*) ^ where xs 'is the characteristic function of 

S. 

Now we recall following definitions and result from [8] for subsequent use. 

Definition 2.7. Let fi and be two fuzzy sets of a T—hemiring S. Define h-product of 
and 6 by 

^iTh6{x) = sup[min{/x(ai),y^(a2),6'(6i),6'(62)}] 

— 0, if X cannot be expressed as x + 01761 + z = 02(^62 + z 
for x,z,ai,a2, 61, 62 G S and 7, (5 £ F. 
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Definition 2.8. A fuzzy h-ideal ^ of a T-hemiring S is said to be prime (semiprime) if 
jjL is not a constant function and for any two fuzzy h-ideals a and 9 of S, aT^O C n, implies 
that either a C jj. or 9 C ^(resp. OThO C implies 6 C jj,). 

Theorem 2.9. Let /j. be a fuzzy h-ideal of S. Then ^ is a prime fuzzy h-ideal of S if and 
only if the following conditions hold 

(i) m(0) = 1, 

(ii) Im n= {l,t}, t€[0,l), 

(Hi) Ho = {x € S : h{x) = /i(0)} ^5 a prime h-ideal of S. 



3 Fuzzy h-ideal extension in F-hemirings 

Definition 3.1. Let fj, be a fuzzy subset of S and x G S. Then the fuzzy subset < x,ii> 
of S, defined by 

< X, fj, > {y) = inf ^{xas'yy) 
c«,7er 

ses 

for all y G S, is called the extension of fj, by x. 

Theorem 3.2. Let /i is a fuzzy right h-ideal of S and x € S. Then the extension < x,iJ, > 

is a fuzzy right h-ideal of S. 

Proof. Let p,q,a,b,zeS and /3 G F. Then 

< x,IjL> {p-\-q) = inf ij,{xas'y{p q)) 

ses 

= inf n{xas'yp + xas'jq)) 

a,7Gr 

ses 

> inf in.ui{fi{xasjp), ij{xasjq)} 

seS 

= mm{ inf ij,{xas'yp), inf ^{xas'yp)} 

CK,7Gr a,7€;r 
s6S s6S 

= min{< x,ii> (p), < x,fi > (g)} 



Also, 



< x,H> [pPq) = inf ^.{xas'ypPq) > inf fi{xas'yp) =< x,ii> [p) 

a,7Gr a,7Gr 

s6S sGS 



Now let p+a+z=b+z. So, xasjp + xasja + xasjz = xasjb + xasjz. Then 
< X, fj, > (p) = inf fi{xas'yp) 

a,7Gr 

> inf mm{ij.{xas'ya) , i^{xas'yb)} 

a,7Gr 

ses 

= min{ inf ij,{xasja), inf ij{xasjb)} 

a,7Gr a,7Gr 

= niin{< x,H> (a), <x,^jb> (6)} 
Hence < x, > is a fuzzy right h-ideal of S. □ 

Note. If /i is a fuzzy h-idcal of a commutative F-hemiring S and x € S, then the 

extension < x, ^ > is a fuzzy h-idcal of S. 

Proposition 3.3. If Hi,i = 1,2,... be an arbitrary collection of fuzzy h-ideal of S, then 
< X, Q/Xj > is also a fuzzy h-ideal of S. 
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Definition 3.4. Let R, S be T-hemirings and f: i?— !■ S be a function. Then f is said 
to be a T -homomorphism if 
ft) f(a+b)=f(a)+f(b), 

(ii) f(aab)=f(a)af(b) for a,b^ R and a G F, 

(Hi) f{Oii) = O5 where Or and O5 are the zeroes of R and S respectively. 

Definition 3.5. UOf Let f be a function from a set X to a set Y; ^ be a fuzzy subset of 
X and a be a fuzzy subset of Y. 

Then image of 11 under f denoted by f{fi), is a fuzzy subset of Y defined by 
( sup/x(a;) if f'^iy) ^ (f) 

[ otherwise 

The pre-image of a under f symbolized by f^^{a), is a fuzzy subset of X defined by 
f-\cj){x) = a{f{x)) e X. 

Proposition 3.6. Let f:R^S be a morphism of T-hemirings. 

(i) If (f) is a fuzzy right h-ideal of S, then < z,f~^{(j)) > is a fuzzy right h-ideal of R, for any 
zGR. 

(ii) If f is surjective morphism and fi is a fuzzy right h-ideal of R, then < z,f{p) > is a 
fuzzy right h-ideal of S, for any zeS. 

Proof. Let f:R^S be a morphism of F-hemirings. 

(i) Let (f> he a, fuzzy right h-ideal of S. Then by Proposition 17 of [11], we have f~^{<t>) is a 
fuzzy right h-ideal of R. Now < z,f^^{(t)) > is an extension of f~^{4>) in R. So, applying 
Theorem 13.21 we obtain that < z,f^^{4)) > is a fuzzy right h-ideal of R. 

(ii) Since f is surjective morphism and yit is a fuzzy right h-ideal of R, by Proposition 17 of 
[TT], we have /(/i) is a fuzzy right h-ideal of S. Hence with the help of Theorem 13.21 we get 
that < z, /(^) > is a fuzzy right h-ideal of S, for any zSS. □ 

Proposition 3.7. Let pL be a fuzzy h-ideal of S and x £ S . Then the following conditions 
hold 

(i) C< X, fj. >, 

(ii) < {xj)"~^x, /i >C< {xj)"x, pL > where 7 G F, 

(Hi) If ^ix) > then supp < >= S where supp /i is defined by 
supp fi ^ {s £ S : /i(s) > 0}. 

Proof, (i) Let y € S. Now < x, fi > (y) ~ inf fi{xas^y) > iJ,{y). Thus /x C< x,fj, >. 

a,7fEr 

ses 

(ii) Let n be a positive integer and y G S". Then 

< {x^)"'x,fi > (y) = inf fj,((xj)"xasl3y) 
a,i3er 
ses 

> inf fi((xj)(xj)"~^xasl3y) 

0!,/3Gr 

> inf fj,{{x^)"'~^xasl3y) 
ses 

=< (a;7)"-ia:,^ > (y). 

So, < (x7)"~ix,^ >C< (x7)"a;,/i >. 

(iii) Let fi{x) > and y G 5. Then < x,fi> (y) = inf fi{xasjy) > pl{x). Thus y G supp < 

ses 

X, fj, > and consequently, S C supp < x, fi >. Hence S — supp < x,fi>. □ 
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Proposition 3.8. If fj. is a fuzzy h-bi-ideal of S then its extension by xES, < x,fi> is also 
a fuzzy h-bi-ideal of S, provided S is commutative. 

Proof. Let is a fuzzy h-bi-ideal of S and its extension by xeS is < x, n >. Since /z be a 
fuzzy h-bi-ideal it is sufficient to prove < x,ii > {paqfir) > min{< x,fi> (p), < x,/j > (r)} 
for all p,q,rGS and a,/3 G F. 
Suppose p,q,rGS and a,f3GT. Now 

< x,fi> (paq/Sr) = inf ^{xrjsjpaqlSr) > inf ^{xrjs^p) —< a;,/i > (p) 

ses ses 

Also, < x,fi > (paq/Sr) = inf ^(xrjs^paqPr) > inf ^{x-qs^r) =< x,fi > (r)(since S is 

j;,7er »),7£r 

commutative) . 

Therefore < a:,/i > {paq^r) > min{< > (p), < x,^ > {r)}. So, < > is a fuzzy 
h-bi-ideal of S. □ 

Proposition 3.9. If ii is a fuzzy h-interior-ideal of S then its extension by xdS, < x,fi> 
is also a fuzzy h-interior-ideal of S, provided S is commutative. 

Proof. Let /i be a fuzzy h-interior-ideal of S and its extension by xgS is < x, fj, >. 
Then it is sufficient to prove < x, > {paq^r) >< x, fi > (q) for all p,q,rGS and a, /3 G F. 
Suppose p,q,rGS and a, /3 G F. So, 

< x,fi> {paqjSr) = inf ^,{xrjs^paq(3r) ~ inf fi{xr]s^qap/3r) 
»),7er »),76r 

ses ses 

> inf ^(xr/sjq) —< x,fj.> (q) 
j),7er 

Hence < a;, > is a fuzzy h-interior-idcal of S. □ 

Proposition 3.10. If ii is a fuzzy h-quasi-ideal of S then its extension by x^S, < x, fj, > is 
also a fuzzy h-quasi-ideal of S. 

Proof. Let be a fuzzy h-quasi ideal of S and its extension by xgS is < x, /i >. Suppose 
p, a,b,zGS. Then 

< X, ifiOhXs) n {xsohp) > (p) = inf {{^J.OhXs) n {xsOhlJ')){xasjp) 

a.yeT 
seS 

= inf min{{^iOhXs)ixasjp),{xsOhlJ-)ixasjp)} 
a,7er 

s6S 

< inf miii{p,(xasjp) , ^{xasjp)} 

a,7er 

ses 

since ^ is a fuzzy h — quasi — ideal 

= inf ii{xa.s"fp) ~< x, pL > (p) 
Q,7er 

seS 

Also from Theorem l3.2l we have < x, fj, > (j)-\-q) > min{/i(p), fJ.{q)} and p+a-|-z=q-|-z implies 

< X, n > (p) > min{< x,fj.> (a), < x, fi > (5)}. 

Hence < x, fi > is a fuzzy h-quasi ideal of S. □ 

Remark 3.11. We know that if ^ is fuzzy h-quasi-ideal of a V-hemiring S it is also a 
fuzzy h-bi-ideal. In previous vrovosition \3. l(J\ we show that its extension by any element xdS, 

< X, fj, > is a fuzzy h-quasi-ideal also. Now it is a routine verification to show that < x, fj, > 
is also a fuzzy h-bi-ideal of S, provided S is commutative. 
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Proposition 3.12. Let ^ be a fuzzy h-ideal of S. Then for any xES, < x^^i^ > is also a 
fuzzy h-ideal of S, where /i+ is defined by fJ,~^{x) — ^,{x) ~ /i(0) + 1. 

Proof. Since ^ is a fuzzy h-ideal of S, by Proposition 25 of TT we have /i"*" is also a 
fuzzy h-ideal and hence by using Theorem 13.21 we deduce that < x,ijl^ > is also a fuzzy 
h-ideal of S. □ 

Proposition 3.13. If ji is a fuzzy h-ideal of S, then for any x£ 5", < x,fip^a > is also a 
fuzzy h-ideal of S, where Hf}^a{y) = f3-n{y) -f a, /? £ (0, 1] and a e [0, 1 — sup{/i(y) : y G S}]. 

Proof. Since is a fuzzy h-ideal of S, by Theorem 20 of |TT] we have /j,^^q. is also a 
fuzzy h-ideal and hence by using Theorem 13.21 we deduce that < x,fip,a > is also a fuzzy 
h-ideal of S. □ 

Proposition 3.14. If fj, and v are any two fuzzy h-ideal of S, then for any xE S, < x, fixu > 
is also a fuzzy h-ideal of S, where (/i x v){a,b) = min{/i(a), a,b E S. 

Proof. Since fi and v be any two fuzzy h-ideal of S, by Theorem 35 of [11] we have 
fi X v is also a fuzzy h-ideal and hence by using Theorem 13.21 we deduce that < x, ii x i/ > 
is also a fuzzy h-ideal of S. □ 

Theorem 3.15. Let /i, be any two fuzzy h-ideal of S and x,yCzS. Then < x,^ > x < 
y,v > is also a fuzzy h-ideal of S. 



Proof. Since /i and be any two fuzzy h-ideal of S, by Theorem 13. 21 we have < x, fj, > 
and < y,v > are fuzzy h- ideals of S. Hence by using Theorem 35 of |llj we deduce that 
< x,fi > X < y,i^ > is also a fuzzy h-ideal of S. □ 

Proposition 3.16. Let ^ be a prime fuzzy h-ideal of S. Then for all x,y S S, 

inf /i(xas72/) = max[/i(a;), /x(y)]. 

Conversely, let fi be a fuzzy h-ideal of S such that Im /i = {1, t}, t £ [0, 1). 

// inf fj,{xas^y) = max[/i(x), for all x,y £ S then fi is a prime fuzzy h-ideal of S. 

s£S 



Proof. Let /j, be a prime fuzzy h-ideal of S. Then by Theorem 12.91 we have, 

inf fj,{xasjy) = \ or t. 

CK,7€:r 

Case I. Let max[/i(x), = 1. Then suppose that ^{x) — 1. Consequently, x £ /ip. As /^o 
is an h-ideal of S, xas^y £ fiQ for all s £ S and 7 £ F. Thus 

inf ^{xasjy) = 1 = max[^{x), ^{y)]. 

Case IL Let max[/i(a;), /i(y)] = t. Then — fJ-{y) — t. This implies that x,y ^ /io. Since 
HQ is a prime h-ideal of S, so xTSTy % no- Thus there exists some ai,7i £ F and si € S 
such that xaiSijiy ^ /io, i.e., ^{xaiSijiy) ^ 1. Therefore ^{xaiSi'yiy) — t. Thus 



inf fi{xasjy) — t — max[fi{x), fJ-{y)]. 
ses 
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For the converse part, let x,y E S such that xTSTy C /iq. Then xasjy G /xg for ah a, 7 £ F 
and s & S. So inf ^[xas^y) = 1 = max[/i(a:), This imphes that either ^{x) = 1 or 

ses 

/Lt(?/) = 1, i.e., either x E fJ-o or y E fiQ. Consequently, fiQ is a prime h-ideal of S by Theorem 
12.41 Hence by Theorem 12.91 A* is a prime fuzzy h-ideal of S. □ 

Proposition 3.17. If ji is a prime(semiprime) fuzzy h-ideal of S then its extension by xGS, 
< x,i.j,> is also a prime(semiprime) fuzzy h-ideal of S. 

Proof. Let be a prime fuzzy h-ideal of S and its extension by xgS is < x,/x >. Let 
p,q,si S S and (5, 77 G F. Then 

inf < X, fj, > (pSsirjq) = inf inf fi{xasjpSsiriq) 

= inf {max{fj.{xasjp), fi{q))} 
= max{ inf fi{xasjp) , ^{q)} 

a,7er 

= max{^(a;),^(p),^(q)} 

= max{max{/i(a;), max{/i(a;), /^(g)}} 

= max{ inf fi{xas"fp), inf /i(a;as7g)} 

= max{< x,fi> (p), < x,fi > (q)} 



Similarly, we can prove the result for semiprime fuzzy h-idcal. 



Proposition 3.18. Let ^ be a prime fuzzy h-ideal of S and x E S . Then 
< X, jjL > iy) = inf [< xrjSidx^jjL > (y)] for all y £ S. 
si G 5 

7?,5GF 

Proof. Let y E S. Then 

inf [< X7]si6x, ^ > (y)] — inf inf ^{xrjSiSxasjy) 

sies sies yf 

ri,d eT 77, (5 G F 

— inf max[/i(a;77Si(Sa;), 
SiES 

v,Set 

= max[ inf ^{xrjSiSx), fi{y)] 
siES 

v,Set 

~ niax[max[/x(a;), /x(a;)], — max[/i(x), 

— inf ^(xasjy) =< a;,/i > (y) 
Q,7er 



□ 



□ 



Definition 3.19. Let ACS and x E S. Then we define < x,A > as 
< x,A>= {y E S : xTSTy C A}. 

Proposition 3.20. Let A be a non empty subset of S. Then < x, Xa >= X^x,A> for every 
X E S where denotes the characteristic function of A. 
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Proof. Let y S. Then < x,Xa > (y) — inf \A{xasjy) = 1 or 0. 

s6S 

Case I. If < a;, > (y) = 1 then XA{xas^y) = 1 for ah a, 7 G F and s d S. Thus xasjy G A 
for all a,7 e r and s e S*, i.e., sFSFy C A. i.e., y e< a;, A >. Consequently A<x.a>(2/) = 1- 

So, < Xa >= A<2;,A>- 

Case II. If < x,Xa > (y) = then XA{xasjy) — for some a, 7 e F and s £ S. So xasjy ^ 
A for some a,7 G F and s e S*. Therefore a^FSFy ^ A which implies that y ^< x,A >. 
Thus A<:r^yi>(2/) — 0. Hence < a;, A a >= X<^x,A>- This proves the proposition. □ 

Theorem 3.21. Let ji be a prime fuzzy h-ideal of S and x Cz S be such that x ^ fiQ. Then 

< X,IJ, >= /i. 

Conversely, let ^ be a fuzzy h-ideal of S such that Im fi — {1, t}, t e [0, 1). If < x, ^ >— fj, 
for those a; G S" for which ^{x) — a, then ^ is a prime fuzzy h-ideal of S. 

Proof. Let /i be a fuzzy prime h-ideal of S. Then by Theorem 12. 9[ 
(i) At(0) = 1, (u) /to ^ = {1, t} with t e [0, 1), 
(iii) ^0 = {x G S : ^{x) — fJ.{0)} is a prime h-ideal of S. 

Case I. If y G fiQ then xas^y G /io for all a, 7 G F and s G S. So inf fj,(xas^y) = 1 = fJ-{y). 

ses 

Therefore < x,ii >= fi. 

Case II. Let y ^ fiQ. Since /io is a prime h-ideal of S and a;, y ^ /io, so a;FS'Fy ^ fiQ. Therefore 
there exist some a,7 G F and s G 5' such that xasjy ^ /io. Therefore ^{xasjy) — t. Thus 
inf ^{xasjy) — t = fi{y) and hence < x,iJ, >= /x. Consequently, < x,fi >— ^ for all 

ses 
X G Ho- 

Conversely, let a;, y G 5. 

Case I. Let /i(x) — t. Then max{/i(a;), /i(y)} = ^J■{y)■ Now /i(y) =< a;, /i > (y) implies that 

max{/i(a;), /i(y)} = inf ^{xasjy). 

Q,7Gr 

Case II. Let fj.{x) — 1. Then x G /io- So xasjy G /io for all a,7 G F and s £ S. Thus 
inf ^{xasjy) = 1 = /i(a;) = max{/i(a;), /i(y)}. 

a,7er 
s6S 

Thus inf ^{xas^y) — max{/i(a;), /i(y)} for all x, y G 5. 

a,7er 
sGS 

Hence by the converse part of Theorem 13. 16[ /i is a prime h-ideal of S. □ 

Theorem 3.22. Let ji be a prime fuzzy h-ideal of S and x £ S be such that x G /io- Then 

< X,fi >= Is- 

Proof. Let /i be a prime fuzzy h-ideal of S and y G S. Then a;7y G (J-q for all s G S" and 
for all 7 G F as a; G /io- 
So < a;, /i > (y) = inf ii{x^y) = 1 = ls(y) for all y G S. Hence < a;,/i >= I5. □ 

a,7Gr 

Corollary 3.23. Let I be an h-ideal of S. If I is prime h-ideal of S then for x G S, 

< X, A/ >= A/ where x ^ I . 

Proof. Let I be a prime h-ideal of S. Then A/ is a prime fuzzy h-ideal of S. Now x ^ I 
implies that x ^ (A/)o. Hence by Theorem 13. 21[ < x, A/ >= A/. □ 

Theorem 3.24. Let S be a commutative T-hemiring and fi be a fuzzy subset of S such 
that < X, II >= n for all x G S. Then /i is constant. 
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Proof. Let x,y G S. Then =< x,fi > [y) = inf ^.{xas^y) = inf ij,{yasjx), 
(since S is a commutative r-hemiring)=< y,iJ,> {x) = n{x). 

Therefore n{x) = n{y) for all x,y G S. Hence fi is constant. □ 
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